ME136/236: Cheat sheet

AERODYNAMICS

Reynold’s number, Re:= ”";lp Mach number, M := ;2=
with free-stream air speed vo.

Aerofoils:

o fi=1pZicC

o a: aerofoil angle of attack [rad]
e Thin aerofoil model:
— Lift curve slope 801 =27
- C=C,+%a= Czo +2ra
Finite wings:
o Lift: fr,= %pviOSC'L:
— S: Surface area
— ¢ chord (wing width, varies along wing)
— b: span (wing tip-to-tip distance)
— AR: aspect ratio, AR="
— Analytical model for a finite wing, flat plate aerofoil:

Cr= AR+2 &
— Induced drag: fp, := frsina; =1pv2 SCp,
Analytical model: Cp, ~ %

Drag: Form drag (pressure drag):
1
fp= §PU§O SCp
Propellers Thrust fr [N] from scalar speed 2 [rads™!]

fr=CrQ2, Torque: 7="fr
Momentum theory: propeller radius r,, power consumed P:
_
TpV2Tp

TENSORS & DYNAMICS

¢ Displacement of point A w.r.t. point B: sap
o Velomty of point A w.r.t.
vk Vg = =DFsp: ’UE
Rotation of frame B w.r.t. frame A: RBA
Ang. velocity of frame B w.r.t. frame A: w
(capital letter) Skew symmetric form of wZ4
Identity tensor (identity matrix in any coord. sys:) I
Overbar is ‘transpose’: T

BA

QBA

Skew-symmetric form:

1 0 —T3 X9
if [g]A = |z2| then [X]A =| z3 0 -
X3 —X9 T 0

Changing coordinate systems: [T]AB transforms to A w.r.t. B.
Definition of tensors: for any coordinate systems A, B:

o First order tensor z: [Q]A = [T]AB[@B
e Second order tensor Y: [X]A = [T]AB Y21

Contraction of indices:

AB

o Displacements: sac =54+ SBC

o Transformations: [T] :[ [ ]

Length of a tensor:

o |z||=vZz=1/]2] \/x%+:c2+x3 for any coordinate

system A, and whereln (x1,29,23) = [x} .
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frame E (B is fixed in F),

Transformation matrix:

)%= 14" [24)”

34°]=

Euler angles: Encode transformation matrix [T]%F with
three parameters: [T]%% =[T)%Y [1]"* [1)¥F:

e Yaw (¢): rotate E about 3% =3% to generate X system

o Pitch (6): rotate X about 2X =2Y to generate Y system

« Roll (¢): rotate Y about 1¥ =12 to generate B system

cipch syl —s6
T ] = | cypslsp—sipcop  ssbsp+ciped  chsp
cysbcop+ssg  sypsbep—cypsg  chep
Rotation tensor For frames A, B: 14 = R4815 (same for
24 and 34).
(B4 = [RPA) =TT = (1)

. . . . a. 14 AB[q 17
Rotational time derivative: (Note: [E‘T] £[T) [ﬁx]

in general.)

D) [jtrm“ 2]

Preserves [D%z ]A:[T]AB (D P

When superscripts match:

A T 1
x]A:[dx} = || for [z]* = |22

(D4
dt_ 3 x3

z DBQ—FQBAl‘
o Translational velocity: vg ::DASBA1 where A; fixed w.r.t.

frame A.
« Translational acceleration: a4 ag: ;= DAp4 vg-

Euler transformation: D4z =

« Angular velocity: Q84 := (DARP4) RBA (second order
tensor).
- QBA=_QAB =48

— Related first order tensor is wB¥
is earth-fixed):

E (if B is body-fixed, ¥

p 0 —r ¢
W27 = q|; [2%2)°=|» o0 —p
r —-q p 0
4 188 . 5
—T| =[1"7[Q5F
7] —mries
Time derivative of Euler angles:
d 10) 1 singtanf  cos¢tand | |p
— (0 =10 cos¢ —sing q
dt P 0 sing/cosf cosp/cosf| |r
For small angles only:
£ (0.0.0)=(p,g.r)

Center of mass: That point C for which

E miSpiCZO
i



Translational momentum:
E._ . B E
pc—m 'UC
Newton’s law:

D'po=

Inertia tensor: Body B, reference point R: (Sp,r is skew-
symmetric form of sp, g)

S S S S
i
(See expansion at end of cheat-sheet)

Angular momentum: For ref. point equal to center of mass:
lgA JB BA

Moment of force (“torque”):
nr=5Sprf
Euler’s law:

DIZB =np

For a rigid body, coordinated in B:

] = () (o™ 1ot 2)

SENSORS
Accelerometer: Output is [a]°

s
S S
o =[af] - [g]
Rate gyroscope: Output is MS

[)° =[w?")°

Optical flow: Output is (01,02)

A= 8 o (-l e eey)

QUADCOPTER DYNAMICS
“ME136 Standard” conﬁguratlon

Totor

Totor 1

<4
Motor 2

=
Motor 3

3 3\2
E m ( SPR (SPiR) )
_§ m' SPiRSPiR
i
il 3
—E M Sp,RSP,R
i

Zm(sPR

il .2
_E M Sp,rRSP;R

- E m' SPiRst,R
i

CZ_ 1 1 1 1 cp,
n| | =l =l 1 cp,
no| | =1 =l 1 l cp,
N3 Kk —Kk K —kK]l lcp,
cp, ] 1 -1 — ! kT 6>
ep,| 1|1 =17t 17t —x7t |0y
cp, | 4|1 -7t 17t k1| [ ng
cp, | 1 1 [t —g1 ns

DESCRIPTIONS OF ROTATIONS
Rotation vector, axis-angle: Rotate from frame A about
axis n®4 by an angle p®4 to generate frame B. Alternatively,

rotation vector A\B4 := pBAnBA,

(1] =exp(—[a24]7)
=10+ (~ (A% 4 o

2!
+ (1 —cosp?

(12”) g (")

=cospPAI] A) [ﬂ} B@B*Sinp&q [NBA]B

Euler Symmetric Parameters:

g} = [[ =)

cos(Lp w0
n4]”

51n(§pBA)} {@ﬂ =(90,91,92,93)
1) =310 [] ] 10 +2[ae] ] 200 (@]

@+ -6 a3 2@@+@%) 2(q193—q042)
= | 2(q192—q093) -3 +q3— 22(q2q23+(12oq1)2
2(q1q3+q0q2)  2(qeq3—qoqr) 45 —91—45+43
CA_7~79B, {BA
{a} 77" ={Q} {q}

B @]]
QP =qo{1

@ =i+ 0
d %" 1-—5Ba B ) B 0

(b =307 " e ™= [ o]

CONTROL
Canonical model: &= f(z,u), x eR™, ue R™.
Equilibrium: z* u* such that £=0

1

First order system: 2 =—-x

Second order, damped system: #+2(w,i+w?x=0

_E mSPRSPR
_§ mSPRSPR

2 2

E m ( SPR (sPiR))
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